We study the creation of particles by inhomogeneous perturbations of spatially flat Friedmann-Robertson-Walker cosmologies. For massive scalar fields, the pair creation probability can be expressed in terms of geometric quantities (curvature invariants). The results suggest that inhomogeneities on scales up to the particle horizon will be damped out near the Planck time. Perturbations on scales larger than the horizon are explicitly shown to yield no created pairs. The results generalize to inhomogeneous spacetimes several earlier studies of pair creation in homogeneous anisotropic cosmologies.
Introduction
In recent years, the study of quantum fields in curved spacetime has had a profound impact on our understanding of cosmology. It is now recognized that both the effects of curvature on quantum fields and the influence of quantum field dynamics on the metric are likely to be important in determining the evolution of the early universe. Most recent work on the subject has concentrated on the dynamics of interacting gauge theories in curved space, with particular attention to such issues as asymptotic freedom, symmetry restoration, and the possibility of inflation. 2 Yet, one of the most remarkable results in the subject remains Parker's discovery almost twenty years ago that the expansion of the universe can create pairs of particles. Parker's work3 focused on particle production in the homogeneous, isotropic Friedmann-Robertson-Walker (FRW) models. In addition to establishing the possibility of pair creation, he showed that fields obeying conformally invariant wave equations (e.g., two-component neutrinos, massless Dirac particles, and photons in four dimensions) will not be produced, because the FRW models are conformally flat. Subsequently Zel'dovich and Starobinsky4 considered particle creation in a broader class of homogeneous cosmologies and found that conformally invariant particles will be produced when the conformal symmetry of the FRW models is broken by anisotropy.
.
In this paper, we extend this work by considering the production of scalar particles due to inhomogeneous perturbations of conformally flat spacetimes. This calculation is of cosmological interest because, if inhomogeneity is present in the universe near the Planck time, it can act as an efficient source of relativistic particles; in particular, it may contribute significantly to the observed entropy of the microwave background and thus help explain the origin of the hot matter in the early universe. The possibility of particle creation is readily understood in field theoretic terms: whenever a quantum field couples to a classical timedependent source, the breaking of time-translation invariance implies that the field energy need not be conserved; as a consequence, particles can be created.
Thus, fields in a tim&dependent inhomogeneous background should be excited.
(Time-independent sources can create particle as well; however, see the discussion on this point in Section 4.) For weak inhomogeneities in a flat Minkowski background, the particle creation rate is negligible because the energy in the gravitational field is small. In the cosmological case, energy is provided by the expansion of the universe, while the inhomogeneity serves to break conformal symmetry.
Throughout, we shall work entirely in the external field approximation, that is, we take the classical perturbed metric to be given and study the production of matter fields in this fixed background. This is analogous to the usual treatment of Coulomb scattering in quantum electrodynamics (in which the vector potential is fixed) and is believed to be a consistent truncation of the theory when the backreaction of the quantum fields on the geometry is small. Whether it is a good approximation in considering particle creation in the very early universe is more doubtful. The work of many authors 495 on particle creation and vacuum polarization in homogeneous cosmological models shows that the backreaction can dramatically alter the evolution of the universe. In particular, any initial anisotropy in the expansion is rapidly damped out on the order of the Planck time.
Parker has used these results to postulate a 'quantum gravitational Lenz's law' which states that "the reaction of the particle creation back on the gravitational field will modify the expansion in such a way as to reduce the creation rate".6
This behavior is intuitively plausible in the quantum electrodynamics analogy:
when external electric fields are strong, pairs are spontaneously produced which neutralize the charges which produce the external fields. It is thus precisely when particle creation becomes important that the external field approximation fails.
Applied to the present case, Parker's hypothesis strongly suggests that particle creation in an inhomogeneous cosmology will similarly tend to damp out the initial inhomogeneity. Cosmological particle creation may thus help account for the observed homogeneity and isotropy of the universe. If particle horizons are present, however, causality limits the damping of inhomogeneous perturbations to scales smaller than the horizon. As an indication of this, we will find that perturbations obeying Einstein's equations do not give rise to pair creation when their wavelengths are larger than the particle horizon. Unfortunately, in the standard FRW cosmology, during the epoch when particle creation can be significant, the comoving size of the present visible universe is much larger than the horizon, and particle creation alone cannot account for the observed homogeneity. However, it has been shown that vacuum polarization5 can give rise to horizon-free models in the FRW case, and we expect the same to hold true for weakly perturbed models.'
Although the external field approximation is inadequate for the problem at hand, nevertheless it is the starting point for a systematic perturbation expansion in the case of weak fields. Our expression for the pair creation probability in terms of spacetime integrals of geometric invariants will be formally correct; the backreaction will determine quantitatively how these invariants evolve. A final, more speculative motivation for the study of cosmological particle creation is the light it may shed on the thermodynamic aspects of gravity. Although the entropy of the gravitational field has so far been defined only for spacetimes with event horizons, Penrose 11 This definition is made plausible by the fact that, in general relativity with classical matter sources obeying an energy condition l4 (and zero cosmological constant), the universe becomes clumpier and more anisotropic as it evolves, so C&d grows with time. l5 Hu proposed that the matter entropy generated in cosmological particle production l6 be used as a measure of the change in the gravitational entropy. In this view, particle creation and backreaction damping of anisotropy act as a 'transducer' of gravitational entropy to matter entropy, leading from a wide class of initial conditions to a universe that nearly satisfied the Penrose hypothesis (Cabed = 0) near the Planck time.
In support of this picture, the total probability of producing a pair of massless conformally coupled scalar particles in a homogeneous anisotropic cosmology 495 (and thus th e o a matter entropy produced) is proportional to the spacetime t t 1 integral of the square of the Weyl tensor Cab&C abed. Soon after the Planck time, particle creation effects are negligible, and Cabed again grows classically. The decrease of the gravitational entropy in quantum processes and its growth during 'classical' epochs is similar to the behavior of black hole entropy. In this paper, we find a similar form for the particle creation probability, which suggests that the above heuristic picture, if correct, can be extended to inhomogeneous spacetimes as well. This is not surprising, because the Weyl tensor gives a measure of inhomogeneity as well as anisotropy.
We now give a brief outline of our method of calculation. The excitation of free fields (i.e., fields with no nongravitational interaction) by a curved background is usually studied by means of a Bogoliubov transformation of the Heisenberg equations of motion, which gives an exact solution of the problem.' For spatially homogeneous metrics, this method is convenient because mode solution of the curved space field equation can be separated, and the time evolution of individual modes can be given exactly in favorable cases. For inhomogeneous spacetimes we resort to a perturbative treatment: we assume the geometry can be written as a flat Minkowski background plus a small perturbation, gab = vab + hab, and expand the scalar field Lagrangian in powers of hab. In Section 2 we carry out the expansion to lowest order and calculate the pair creation probability via the S-matrix. In Section 3, we generalize the result to perturbations around conformally flat metrics, gab-= a2(v)qab -I-Hab, which are of cosmological interest (a is the Robertson-Walker scale factor, 77 is conformal time). Our conclusions follow in Section 4, and we relegate most of the technical details to the Appendices.
Here, we briefly mention the relation of this paper to previous work. Birrell and Davies' studied particle creation in homogeneous anisotropic spacetimes using a perturbative treatment of the Heisenberg equations of motion. The results of this paper include their work as a special case. The calculation of (Tab) by
Horowitz and Waldl' includes vacuum polarization and particle creation effects to lowest order in hat,, but the energy density of created particles considered here arises only in second order in hab and is not included in their computation.
Perturbations in Minkowski Space
To study particle creation by inhomogeneous perturbations of flat space, we consider the following idealized picture: " the metric is taken to be everywhere that of flat space with the exception of a compact region where the curvature is non-zero. This formulation has the advantage that in the Minkowskian 'in'
(t -+ +oo) and 'out' (t + -00) regions, particle states, and in particular the vacuum state, are physically well-defined: all inertial observers in the asymptotic regions will agree on the presence or absence of particles, because the 'in' and 'out' vacua are Poincard-invariant.
(We could replace the assumption of a compact perturbation with one in which the curvature falls off sufficiently rapidly, by defining adiabatic particle states.' ) This situation is clearly analogous to the usual asymptotic treatment of scattering interactions in flat space field theory.
We will develop this analogy further by evaluating the S-matrix in the interaction picture.
In a general curved space, the Lagrangian for a real scalar field is taken to have the form (see Appendix A for conventions and notation) L = f e (gabda@b$ -(m2 + tR)42) (1) where R is the Ricci scalar and 6 is a dimensionless constant. (For c = 0, the field is said to be minimally coupled to the metric; for t = l/6, the curved space Klein Gordon equation is conformally invariant in the massless limit.) To write this in the form L = LO + LI, where
is the Lagrangian in flat space and LI describes the interaction with the external gravitational field, we expand the scalar field action in a functional Taylor series about flat space. The first order term is well known to be 6s = $ s d4zTayhgab; the interaction Lagrangian is then LI = -i Tayhab, where we have used the fact that, to first order in the perturbation, gab = qab -ha". The Minkowski stress tensor of the scalar field is
In the interaction picture, the field operators satisfy the flat space KleinGordon equation derived from the 'free' Lagrangian (2), with the usual plane wave solutions 4i,(z).
Although LI source, so we only need evaluate matrix elements of the stress tensor. Also, the scattering vertex is obtained by letting k + -k. For the total pair creation probability (in this case also the expectation value of the number operator in the 'out' region), we find," using Appendix B and the definitions of Appendix A,
As required, this expression is manifestly gauge and Lorentz-invariant. The total emitted energy in the 'out' region is just Eq. (4) with a factor 2q"B(qo) inserted in the integrand.
There are several features to note about expression (4). First, in this approximation time-independent sources do not create particles, because the amplitude
Second, there is no particle creation for Ricci-flat perturbations, i.e., for solutions satisfying the vacuum linearized Einstein equations, e.g., gravitational
waves.
(To this order in perturbation theory we expect the graviton to be stable anyway because there is no phase space for it to decay.) Third, the threshold for massive particles roughly implies that creation occurs only if the curvature varies over scales less than the particle Compton wavelength, in agreement with dimensional arguments.-Needless -to say, perturbations due to macroscopic sources today, e.g., stellar pulsations, have negligible power in sub-Compton wavelengths. For example, the collapse of a protostar of solar mass releases -104* ergs in the form of heat but only 5 1O-35 ergs in direct particle creation. By power counting, the pair creation probability is ultraviolet-finite for sources which fall off faster than hab N qm4 at large momentum. For massless particles, there is no infrared catastrophe if hab 2 qw4 at small momentum. As in the electromagnetic case, however, there are sources for which P diverges but for which the emitted energy is finite. In the massless case, for sources which satisfy IRab(q)12 = pab(q)j20(q2),
we can use Parseval's theorem to rewrite Eq. (4) as
For conformally invariant scalars ([ = l/6, m = 0), this expression is conformally invariant, so we expect it to hold in a conformally flat background as well.
Cosmological Perturbations
We next consider the more physically interesting case of inhomogeneity in an expanding background. We assume that the unperturbed metric has the form of a spatially flat FRW modellg g$)dsa dib = dt2 -a2(t)(dz2 + dy2 + dz2) = a2(q)(dq2 -dz2 -dy2 -dz2) (6) where the conformal time r] = j'" dt '/a(t'), and a(t) is the FRW scale factor. For a general expansion factor u(q), the particle contribution from the inhomogeneous perturbation will depend on integrals over time of products of the unknown mode functions xi (7)$(t)) and their derivatives. Instead of considering specific functional forms for u(v) f or which the Xk(q) are known, we shall study the dependence on the scalar field parameters.
First, for conformally invariant scalars (m = 0, 6 = l/6), the wave equation Xk= d% (13) where k -Irc'l. It remains to evaluate the vacuum-to-two particle matrix elements of Eq. (7), using the modes of Eq. (13). The task is simplified by exploiting conformal invariance. Under a conformal transformation gz + g,, - 
Conclusions
In this paper, we have calculated the probability for pair creation by small amplitude perturbations of FRW cosmological models. For conformally invariant and nearly conformally invariant scalar fields, the pair production probability is expressed entirely in terms of gauge-invariant geometrical quantities. This result reduces to the homogeneous anisotropic expressions found previously by several authors in the limit that h,b is space-independent. By analogy with those results, we believe that sub-horizon perturbations will be strongly damped at early times.
We should point out that other processes may damp inhomogeneities at early times as well; for example, in asymptotically free theories, near the Planck time the mean free path is larger than the particle horizon and particles can freestream out of overdense regions. In addition, large-amplitude perturbations may develop into black holes which subsequently evaporate by the Hawking process.
The inflationary scenario is premised on the initial condition of homogeneity on horizon scales, a condition which may require such damping mechanisms to achieve.
We mention here some limitations of our calculation. First, we have confined our study to free fields; although the effects of interactions (e.g., a Xrj4 term) on particle creation are interesting,' they could be included in a straightforward way and constitute an inessential complication to a first study of the problem. (Although we have focused on scalar fields, the methods and results for higher spin fields are similar.) Second, and more important, our perturbative treatment is limited to time-dependent sources. This is because in perturbation theory, static sources cannot transfer energy to the fields. Particle creation by static sources is a nonperturbative tunneling effect which vanishes faster than any power of fL. Therefore, to study radiation by static black holes, one must use the Bogoliubov technique; fortunately, the Schwarzschild metric has enough symmetry to make this tractable. The advantage gained by the perturbative treatment is that, for a Minkowski background, we can exploit the global Lorentz invariance of the interaction-picture field equations. The perturbative method is particularly useful for calculations of particle creation in higher dimensional theories. We would like to express the pair creation probability in terms of geometric invariants. Since the S-matrix is -hab(q)0(q2), the probability -hab and the invariants of interest are
IRabcdl' = a 'I4 hab(q) hab(-Q) -2q2qaqb hbd(Q) had(-q)
•I-QaQcQbQdhaC(!7) hbd (-q) . Physically, it is often thought of as the part of the curvature which propagates tidal forces.
APPENDIX B. Evaluation of Pair Production
In this Appendix, we outline the calculation of the pair production probability, Eq. (4). S ince we are treating the inhomogeneity as the source of an ordinary perturbative interaction in Minkowski space, the answer must be Lorentz invariant, and this property greatly simplifies the calculation. We can evaluate all quantities in the center of momentum frame, in which P= (%$I 9 k=(&-8,
This gives the Lorentz-invariant four-momentum products 2 2 p-k=%-m2, p.q=k.q=%.
(B-1)
Substituting (B.l) into the momentum space Feynman rule of Fig. 1 , the pair creation probability of Eq. (4) becomes P = 7r2
where we have used the reality of hab to set hab(q)* = hab(-q). To evaluate the remaining integrals, we use symmetry and Lorentz covariance.
I(ab) is a symmetric Lorentz-covariant tensor which only depends on m2 and q, so it must be of the form I(ab) = Ilqab +IQqaqb where Ii and 12 are Lorentz-invariant.
Contracting with qab and qaqb gives two simultaneous algebraic equations for 11 and 12; evaluating the solutions in the COM frame gives the well-known result
To evaluate I(ab)(cd), we employ the same principles. Now, using Eqs. (B.6) and (A.6)-(A.12), we can finally write this in the form given in Eq. (4), S ec ion 2. We note that since the integrand is even in q, we can t'
replace 0 (q") with a factor l/2, with the integral now unrestricted. 24 Damping due to particle creation cannot save these models because the perturbation on a given scale is essentially imprinted on the geometry as that scale crosses outside the Hubble radius during the deSitter epoch. I particles will be characterized by the entropy of a mixed state.
17. See, e.g., R. M. Wald, General Relativity, (University of Chicago Press, Chicago 1984).
18. Note that the higher order terms in the S matrix will quickly proliferate because the interaction Lagrangian is itself a power expansion in the external field. We emphasize that the S-matrix in this case is not a loop expansion, nor an expansion in tL, because the scalar field does not self-interact. We also point out here that we have glossed over a number of questions of principle, 
